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0.1 Preface
This Thesis is a review of the inclusive decays of heavy hadron. It is based
on the author’s study of two issues which are important in the description
of the inclusive beauty decays given by the heavy quark expansion.
• Evaluation of the expectation values of the four-quark operators in the
heavy quark expansion,
• Study on the validity of the quark-hadron duality in the heavy quark
expansion.
We evaluate the four-quark operators in two approaches: (1) in terms
of the oscillator strength of the hadrons in the harmonic oscillator model,
and (2) from the difference in the total decay rates of beauty hadrons under
SU(3) flavour symmetry. The results obtained indicate that the lifetime
difference between B meson and Λb can be explained within heavy quark
expansion by including the third order contribution.
To discuss the quark-hadron duality, the power corrections to the par-
tonic decays rate are obtained in terms of the gluon mass which is assumed to
imitate the short distance nonperturbative effects, by the choice λ2 ≫ Λ2QCD.
The Thesis is organised in six Chapters, as follows:
• 1 Introduction: The Standard Model is briefly discussed and then
the Spin-flavour symmetry exhibited by heavy hadrons is reviewed.
• 2 Four-quark operators: The author’s works on the evaluation of
four-quark operators are presented.
• 3 Spectator effects: Presented are the calculation of ratio of life-
times of beauty hadrons, particularly, τ(Λb)/τ(B) and the inclusive
charmless semileptonic decay rate and determination of the CKM ma-
trix element |Vub|.
• 4 Short distance nonperturbative corrections: The renormalons
contribution to the heavy quark expansion is discussed based on the
authors work.
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• 5 Quark-hadron duality: The validity of the assumption of quark-
hadron duality is qualitatively discussed.
• 6 Conclusion: Conclusion of the Thesis with outlook of the works
done are given.
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Chapter 1
Introduction
This Chapter consists of two sections: The first is devoted to the Standard
Model and in the second the heavy quark symmetry and the heavy quark
expansion are discussed 1.
1.1 Standard model
In this section, we briefly describe the texture of the Standard Model and
remark on the perspectives of the weak decays of heavy hadrons in the
Standard Model.
1.1.1 Quarks, Leptons, and Hadrons
Today, our knowledge is, as embodied in the Standard Model, firm about
the primitive constituents of matter [1]. They are six quarks and six lep-
tons, all fermions. The quarks are interacting through all the known three
interactions of the elementary particles in nature: electromagnetic, weak
and strong, but the leptons do not strongly interact. Both of them are not
influenced by the gravity effects. The interactions are mediated by (gauge)
bosons: photon, W±, Z0 and gluon. The properties of these fermions and
bosons are given in Tables 1.1 and 1.2 [2].
The fermions make up the hadrons: meson, a bosonic hadron, of a quark-
antiquark pair and baryon, a fermionic hadron, of three quarks. Quark
structure of hadrons is described, for three quarks u, d and s, under SU(3)
1Natural units, namely, h¯ = c = 1, are used throughout.
1
Table 1.1: Quarks and Leptons (a in GeV/c2; b in e units; c quantum num-
bers; d charge of leptons except neutrinos is −1)
Quark Massa Chargeb Qu. nos.c Leptond Mass
up, u (1.5 - 5) .10−3 +23 Iz = +
1
2 e
− 0.51 .10−3
down, d (3 - 9) .10−3 −13 Iz = −12 µ− 0.105
strange, s 0.060 - 0.170 −13 s = −1 τ− 1.777
charm, c 1.1 - 1.4 +23 c = 1 νe 10-15 .10
−6
bottom, b 4.1 - 4.4 −13 b = −1 νµ < 0.17.10−3
top, t 170 +23 t = 1 ντ < 18.10
−3
Table 1.2: Force carriers
Gauge Boson Mass Charge Force Strength
photon, γ 0 0 electromagnetic 1/137
W 80 ± 1 weak 1.1663692 GeV−2
Z 90 0 weak
gluon, g 0 0 strong 0.12 at MZ
flavour symmetry by the Gell-Mann - Nishijima relation:
Q = Iz + (B + S)/2 (1.1)
where Q is the electric charge of the hadron, in units of e, Iz the third
component of the isospin, B the baryon number, and S the strangeness
quantum number. Each quark is assigned a colour quantum number. Each
quark carries three colours but the quarks make hadrons colour singlet. For
mesons, B = 0. This can be extended to the charm and beauty quarks
as well. The situation is different in the case of top which decays before
hadronising. The rate of top quark weak decay, Γ(t→ bW ) [3], is found to
be larger than the QCD scale that corresponds to the typical hadron size.
In the next section we present a brief review of the Standard Model
(SM). The SM is a renormalisable field theory of the local gauge group
SU(3)C × SU(2)L × U(1)Y [4]. It is a unified theory of strong (SU(3)C ),
weak (SU(2)L) and electromagnetic (U(1)Y ) interactions at TeV scale. The
SM contains two sectors: quantum chromodynamics and electroweak [5].
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1.1.2 Quantum Chromodynamics
A prelude
In the proposal of quark structure of hadrons made by Gell-Mann and Zweig,
the quarks are described in terms of flavour and colour as required to explain
the known properties of hadrons. The idea of quarks carrying colour got con-
firmed by the measured normalisation of the decay rate Γ(π0 → 2γ) and the
cross-section σ(e+e− → hadrons). Using current algebra, the strong inter-
action between quarks is shown to be mediated by massless vector bosons,
gluons, analogous to photon of electromagnetic interaction. According to
the colour assignment to quarks, gluons form an octet.
Lepton (e−/ν) - proton deep inelastic scattering experiments confirmed
the composite structure of a proton. Further, from the deep inelastic scat-
tering experiments, it was found that quarks and gluons are freely roaming
around inside the proton. This behaviour is explained by Bjorken through
his scaling law that at small distance (this corresponds to large momentum
transferred), the quarks are behaving as if they are free, but at large dis-
tance (i. e., small momentum transferred), they are confined in pair. The
former property is known as asymptotic freedom and the latter confinement.
The Lagrangian of QCD
Theory of quarks and gluons is based on the local non-abelian gauge group
SU(3)C symmetry[6]. With the work of ’t Hooft on renormalisability of
Yang-Mills theories [7], the theory of strong interaction is formulated. The
basic Lagrangian is
LQCD = −1
4
F aµνF
µν
a +
∑
f
q¯f,a(x)iγµD
µq(x)fb −
∑
f
mf q¯
f,a(x)q(x)fb (1.2)
where the indices a, b stand for colour and f for flavour of quarks and
F aµν = ∂µA
a
ν − ∂νAaµ − gsfabcAbµAcν , (1.3)
Daµ = ∂
a
µ + igst
aAaµ (1.4)
where gs is the strong coupling constant, f
abc the structure constant of
SU(3) Lie algebra and ta = 12λ
a, with λa being the Gell-Mann colour (3×3)
matrices. In Eq. (1.2), the first term is the gluon part, the second the
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quarks part and the quark-gluon interaction part and the third the quark
mass contribution. The Lagrangian is invariant under the local gauge group
SU(3). The gauge transformation is given by U(x) = eit
aξa(x) where ξa(x)
is an infinitesimal gauge parameter with a running from 1 to 8. The ta are
the generators of the gauge group. Because of the non-Abelian nature of the
boson field, gluons can be described as self-interacting, vector bosons. The
Lagrangian, in (1.2), is supplemented by additional terms corresponding to
gauge-fixing, ghost and counter terms for perturbative treatment. With
these terms, one can get the Feynman rules for QCD.
The QCD Lagrangian, in the limit of mq = 0, where q = u, d, s, is
invariant under the chiral symmetry group SU(3)L × SU(3)R [8]. On the
other extreme, for quarks of mass mQ ≫ ΛQCD, in the limit mQ → ∞,
the Lagrangian exhibits spin-flavour symmetry [9] which will be discussed
in details in the next chapter. Besides , LQCD possesses stability against
weak radiative corrections due to the flavour-neutrality of the gluon.
Perturbative QCD: Running Coupling and Running Mass
Different renormalisation schemes are used to make the Lagrangian free of
divergences. Then the renormalised quantities are defined at some chosen
scale [10]. Different choice of the scale leads to different physical values
for the same quantity. In order to circumvent the scale dependence, renor-
malisation group equations are used. The scale transformation, µ → µ′,
constitutes a renormalisation group. Under this group, the physical quan-
tities, explicitly or implicitly scale dependent, are invariant. Such a study
is due to Callan-Symansik. In the MS or MS scheme, for the coupling
constant, the Callan-Symasik or renormalisation group equation is given by
dg¯(µ)/d log µ = g¯(µ)β(g¯(µ)) (1.5)
An expansion of β in g¯(µ) yields, at the lowest order,
β = −β0 g¯(µ)
2
16π2
, β0 =
11CA
3
− 4nfTF
3
(1.6)
where CA = 3, TF = 1/2 and nf is the number of flavours. Now, defining
the running coupling constant αs = g¯
2/4π, with µ = Q2/ν2,
α(Q2) =
4π
β0 log (Q2/Λ2)
, (1.7)
4
Λ2 = ν2e−4pi/α(ν
2) (1.8)
where ΛQCD is known as the QCD scale parameter, which is the constant
of integration. From (1.8), it is obvious that as Q2 →∞, αs → 0. This be-
haviour is the celebrated asymptotic freedom [11]. For finite but sufficiently
large Q2, αs is employable as a perturbation parameter.
Similarly, the running mass m¯(Q2) is given by
m¯(Q2) = m0
[
1
2
log
(
Q2
Λ2
)]−dm
(1.9)
where m0 is the invariant mass and dm is known as the anomalous mass
dimension, given by 4/β0.
A digression
The perturbation series of a physical quantity in terms of αs is known to few
orders. A quantity is said to be defined completely, if the expansion in αs is
made to all orders. But it is impossible to define them to n orders, where n is
large. At large order, as first discovered in QED by Dyson in 1952, the series
in αs factorially diverges. This issue has attracted interests recently after
it was first pointed out by ’t Hooft in 1977 that the inherent ambiguities in
the perturbative definition of a quantity is O (ΛQCD/Q) and beyond. These
ambiguities are known as renormalons [12]. These corrections are seen to
be important as they would represent the first nonperturbative corrections
to the leading order of the OPE.
The QCD needs to be dealt with at small and large distance scales sepa-
rately. Any physical amplitude of a QCD process described by the product
of operators can be separated into two parts by the Wilson short distance or
operator product expansion [13]. As a result, the short distance physics is
contained in the expansion coefficients, which happen to be c-numbers, and
the local operators describe the long distance aspect. While the perturbative
QCD successfully describes the short distance processes, the long distance
aspects being nonperturbative are poorly understood. However, there are
semi analytic methods such as QCD or SVZ sum rules [14] and lattice gauge
theory [15].
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1.1.3 Electroweak Theory
Fermi theory of weak interaction
With the explanation of the the radioactive decay of a nucleus, the weak
force was discovered. For example, weak interaction drives a neutron to
change into a proton with a lepton pair, electron and its antineutrino, inside
the nucleus. At the quark level, it is the transition of the d quark into the
u quark plus a lepton pair. A theoretical description of weak interaction
emerged due to Yang and Lee, and Wu et al [16] following Fermi. The
Lagrangian of weak interaction is then given by
LFermi = Gf√
2
Jµ(x)J†µ(x) + h.c., (1.10)
where Gf = 1.16637 ± 0.00001GeV −2 is the Fermi coupling constant and
the weak current Jµ is given by
Jµ(x) = p¯(x)γµ(gV − gAγ5)n(x)e¯−(x)γµ(1− γ5)νe−(x), (1.11)
where the vector coupling gV is little less than one and is given in terms of
the Cabibbo angle to be 0.97. The ratio of the coupling constants gA/gV =
−1.2573 ± 0.0028 [2].
Towards formulating a complete theory of weak interaction, it is postu-
lated that the weak interaction is mediated by a vector boson, massive due
to weak interaction being point-like. The additional requirements of such a
boson are that it has to be charged both positively and negatively because
of charge-changing weak current and having indefinite parity to preserve the
V −A structure of the weak current. Thus, the Lagrangian is
LW = −gWJµ(x)Wµ(x) + h.c. (1.12)
whereW (x) is the vector boson field and gW the dimensionless weak coupling
constant which is related to the Fermi coupling constant by
g2W
8M2W
=
Gf√
2
(1.13)
The Lagrangian in (1.12) is useful at low energy but not renormalisable.
The existence of W± is another way of looking at GF . The step towards the
renormalisable theory of weak interaction results in the unification of the
weak and the electromagnetic interactions, electroweak interaction.
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An interlude
The current-current interaction described by (1.12) is applicable only for
charged current. There is also a neutral current mediated weak interaction.
If both are combined, then three massive vector bosons correspond to the
isospin triplet of weak currents. This obviously leads to SU(2)L symmetry
of weak interaction. The fermion field is a left handed doublet. Then, the
current is of the form
J iµ(x) = (ν¯ e¯)Lγµ
τi
2
(
ν
e−
)
L
(1.14)
where τi is the isospin triplet. Since the weak neutral current, J
NC
µ , has
a right handed component, the neutral component of (1.14) is not a weak
current. However, this can be identified with the electromagnetic current
jµ = ej
em
µ = eΨ¯γµQΨ (1.15)
where Q is the charge operator with eigenvalue –1 for electron and the
generator of U(1) symmetry. Under orthogonal combination
jemµ = J
3
µ +
1
2
JYµ (1.16)
The consequence of the above equation is the relation, Q = T 3W + YW/2,
weak counterpart of (1.1), where T 3W is the weak isospin and YW the weak
hypercharge. Like Q, YW generates the U(1)Y symmetry group. Thus, this
yields the SU(2)L×U(1)Y gauge group. The fundamental fermions, quarks
and leptons, come in three generations or families with weak isospin and
weak hypercharge quantum numbers as shown in the Table 1.3.
Table 1.3: Assignment of quantum numbers in SU(3)L × U(1)Y
generation T 3L YL T
3
R YR
u c t 1/2 1/6 0 2/3
d s b -1/2 1/6 0 -1/3
νe νµ ντ 1/2 -1/2 0 0
e µ τ -1/2 -1/2 0 -1
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Electroweak Lagrangian
The electroweak Lagrangian of the non-Abelian local gauge SU(2)L×U(1)Y
symmetry is of the form
Lew = −1
4
W i, µνW iµν −
1
4
BµνBµν + 2
3∑
f=1
Ψ¯fLγµD
µΨfL (1.17)
Dµ = ∂µ + igtiW i,µ + ig′Y Bµ (1.18)
where g and g′ are coupling constants. We get the photon field and the Z0
field as the linear combination of W 3 and B coupled to the electromagnetic
current:
Aµ = − sin θWW 3µ + cos θWBµ, (1.19)
Zµ = cos θWW
3
µ + sin θWBµ (1.20)
where tan θW = g
′/g, e = g sin θW The interaction part is
LI = −
{
g
2
√
2
J+µ W
−,µ +
g
2
√
2
J−µ W
+,µ + eJemµ A
µ
}
(1.21)
The currents are given by
J+µ =
∑
q¯γµ(1− γ5)VCKMq +
∑
l¯γµ(1− γ5)l (1.22)
JNCµ =
∑
Ψ¯γµ(v − aγ5)Ψ (1.23)
Jemµ =
∑
Ψ¯γµQΨ (1.24)
where VCKM is the CKM matrix of flavour mixing (see below) and v =
T 3L − 2Q sin2 θw, a = T 3L.
Spontaneous breaking of symmetry
In the electroweak Lagrangian in (1.18), introducing a mass term for both
fermions and gauge bosons is forbidden by gauge invariance. However, the
Higgs mechanism of spontaneous breaking of the SU(2)L×U(1)Y symmetry
[17] gives mass for the fermions and the three bosons of weak interaction.
For the Higgs doublet field, Φ,
Φ =
(
φ+
φ0
)
(1.25)
8
the Lagrangian is of the form
Lφ(x) = (DµΦ)†(DµΦ)−
∑
χ
fχχ¯LΦ˜χR + µ
2Φ∗Φ− λ(Φ†Φ)2 (1.26)
DµΦ = (I(∂µ + i
g
2
Bµ) + ig
′ τi
2
Wµ)Φ (1.27)
In (1.26), the three terms stand for free, Higgs-fermion interaction and po-
tential parts as in the order given. Minimising the potential, ground state
Higgs field is
Φ =
(
0
v/
√
2
)
, v =
√
µ2
λ
(1.28)
This non-vanishing field describes the spontaneous breaking of the elec-
troweak symmetry. Thus, the masses of fermions and bosons are generated:
Lmass = − v√
2
∑
faa¯a+
(
vg′
2
)2
W+µ W
−,µ
+
v2
8
(W 3µ Bµ)
(
g′2 −gg′
−gg′ g2
)(
W 3,µ
Bµ
)
(1.29)
where a stands for all the fermions, excluding the neutrinos.
Masses for the bosons and the fermions (but not neutrinos) are, then,
given by
ma =
v√
2
fa, a = u, d, e, ... (1.30)
MW =
v
2
g′, MZ =
v
2
√
g2 + g′2 (1.31)
Mγ = 0 (1.32)
Quarks mixing
Mixing of different flavours is caused by the charged current mediated by
W±. The quark-mixing matrix, VCKM , in (1.22) is a unitary (3 × 3) matrix
[18].
VCKM =

 Vud Vus VubVcd Vcs Vcb
Vtd Vts Vtb

 (1.33)
By the above equation, the weak basis, q′ and mass basis q are related by
q¯′i = Vijqj The unitarity of the matrix V is: Vij → exp(iφi)Vijexp(−iφj).
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Further, the elements of the CKM matrix satisfy unitarity constraints:
any pair of rows or columns are orthogonal. There are six constraints (1.33).
For example,
VudV
∗
td + VusV
∗
ts + VubV
∗
tb = 0 (1.34)
This is useful to determine one element from the others.
1.1.4 Weak Decays of Heavy Hadrons
Knowledge of the weak decays of beauty hadrons, especially B mesons, is
an important requirement to test the Standard Model [19]. Of about twenty
input parameters, nine are the CKM matrix elements. The unitarity test
of the CKM matrix demands precise prediction of its elements. The deter-
mination of Vub, Vcb, Vtb, Vts, and Vtd, involves the b hadron weak processes:
the charged current mediated modes, viz., the dominant b→ c+Y , and the
CKM suppressed, b → u + Y determine Vcb and Vub respectively; the rare
decays of the neutral current, b → s + Y and b → d + Y respectively de-
termine Vts and Vtd; and the weak decay, mediated by the charged current,
t→ bW , determines Vtb. (Y denotes either a lepton pair or a quark pair or a
photon/gluon.). Precise determination of the elements of the CKM matrix
is stringent need for checking the CKM model of the CP violation in the
SM [20].
The heavy hadrons, hadrons containing a heavy quark whose massmQ ≫
ΛQCD, is easier to study from the QCD point of view. For, the coupling
constant is smaller at mQ and the Compton wavelength of the heavy quark,
1/mQ, is much smaller than Λ
−1
QCD. Thus, a lot of simplification arises in de-
scribing the properties and decays of these hadrons. In the limit, mQ →∞,
with the resultant so called heavy quark symmetry, we get a low energy
description of these heavy hadrons. This enables a model independent pre-
diction of the CKM matrix elements |Vub| and |Vcb|.
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1.2 Hadrons with Spin-flavour Symmetry
In this section, we discuss the spin-flavour symmetry or heavy quark sym-
metry exhibited by the hadrons containing a heavy quark, quark of mass
mQ ≫ ΛQCD. Then, we describe the theory of inclusive decays of heavy
hadrons[9, 21, 22, 23].
1.2.1 Spin-flavour symmetry
Because the heavy quark mass can be taken to the asymptotic limit, the
study of weak interaction of the heavy hadrons becomes simplified [24, 25,
26, 27]:
• the asymptotic freedom: the coupling constant is small enough to allow
perturbative calculations;
• the Compton wavelength of the heavy quark, 1/mQ, is much greater
than the typical hadron size, 1/ΛQCD.
In the limit mQ →∞, the heavy quark acts as a static source of colour
inside the hadron. Since the light degrees of freedom cannot resolve the
distances smaller that the typical hadron size, the light stuff interaction with
the heavy quark vanishes. Consequently, either state of the heavy quark spin
is independent of the other. Thus heavy quark spin generates the SU(2) spin
symmetry. On the other hand, the replacement of an infinitely heavy quark
by another infinitely heavy quark does not change the description of the
system. This leads to the flavour symmetry. Hence, for Nf heavy flavours,
the hadron concerned is described by SU(2Nf ) symmetry, called spin-flavour
or heavy quark symmetry.
In the static limit of the heavy quark, the four-velocity of the heavy
quark is vµ = (1,0), i. e., the heavy quark is in the rest frame of the
hadron containing it. Thus, both the decaying hadron and the corresponding
final state are looking the same in this limit, since the product of the four-
velocities of the initial and final state heavy quarks is unity.
Also the third components of the heavy quark spin, ±1/2 and that of the
light quark(s), j are separately conserved, J = j±1/2. With the heavy quark
symmetry, the heavy hadrons can be classified by the quantum numbers of
the light degrees of freedom, viz., flavour, spin, parity, etc., but independent
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of heavy quark spin and mass [28]. As will be described in more detail later,
the mass of the hadron is given by an expansion in the inverse powers of the
heavy quark mass:
MH = mQ + Λ¯ +O(1/mQ) (1.35)
where Λ¯ stands for the energy of the light degrees of freedom. The term
O(1/mQ) is due to the kinetic energy of the heavy quark inside the hadron
and the hyperfine mass splitting due to the spin orientation of the heavy
quark with the light degrees of freedom. Its magnitude depends on the
heavy quark mass, of the order of ΛQCD.
Under the breakdown of the SU(3) flavour symmetry, the c and b meson
mass differences are of approximately same magnitude:
mBs −mBd = Λ¯s − Λ¯d (1.36)
mDs −mDd = Λ¯s − Λ¯d (1.37)
where the mass differences are respectively given by 90± 3 and 99± 1 MeV.
Similarly, the mass difference between the baryon and the meson is given
by:
mΛb −mB = Λ¯Λb − Λ¯B (1.38)
mΛc −mD = Λ¯Λc − Λ¯D (1.39)
Their values are predicted to be 346±6 and 416±1 MeV respectively. These
mass differences receive corrections of O(ΛQCD/mQ).
1.2.2 Effective Theory
In the limit, mQ → ∞, the QCD Lagrangian turns out to be a low energy
effective one as the heavy particle is irrelevant at low energies [29, 30, 31, 32,
33, 34, 35]. Now the theory is similar to the Fermi theory of weak interaction
discussed in the previous section.
As mentioned earlier, in the heavy quark limit, the heavy quark is in the
rest frame of the parent hadron and it is almost on-shell. Its momentum is
pµQ = mQv
µ + kµ (1.40)
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where k is the residual momentum of O(ΛQCD). Accordingly, we define the
propagator and the vertex function as
i
pµQ −mQ
=
i
v.k
1 + 6v
2
and igsv
αTa (1.41)
respectively. In the above equation, (1± 6v)/2 are the positive and negative
projection operators. They act finitely on the large and small components
of the fields respectively:
hv(x) = e
imQv.xP+Q(x), Hv(x) = e
−imQv.xP−Q(x) (1.42)
such that
Q(x) = e−imQv.x[hv(x) +Hv(x)] (1.43)
Because of the projection operator, the field defined above satisfies 6vhv = hv
and 6!vHv = −Hv, where hv annihilates a quark of velocity v and Hv creates
an heavy antiquark.
With these new fields, the QCD Lagrangian
LQCD = Q¯(x)(6D −mQ)Q(x) (1.44)
turns out to be of the following form for a heavy quark
LQ = h¯viv.Dhv − H¯v(iv.D + 2mQ)Hv + h¯v(i 6D⊥)Hv + H¯(i 6D⊥)hv (1.45)
where Dµ⊥ = D
µ−vµ, v.D satisfying v.D⊥ = 0 in the rest frame, the hv term
corresponds to the massless degrees of freedom and theHv term to the heavy
degrees of freedom which have to be integrated out, with fluctuation being
twice the heavy quark mass. By using the equation of motion, the heavy
degrees of freedom, Hv, can be eliminated. That is by taking derivative of
the above equation with respect to H¯v, we get the differential equation and
its solution as
(iv.D + 2mQ)Hv = i 6D⊥hv , Hv = 1
2mQ + iv.D
i 6D⊥hv (1.46)
Thus the nonlocal effective action results in
Leff = h¯viv.Dhv + h¯vi 6D⊥ 1
2mQ + iv.D
i 6D⊥hv (1.47)
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where the second term corresponds to virtual processes. This Lagrangian
can be expanded in powers of 1/mQ:
Leff = h¯viv.Dhv + 1
2mQ
∞∑
n=0
h¯vi 6D⊥
(
−iv.D
2mQ
)
i 6D⊥hv (1.48)
The Lagrangian is explicitly given as
Leff = h¯viv.Dhv+ 1
2mQ
h¯v(iD⊥)
2hv+
gs
4mQ
h¯vσµνG
µνhv+O(1/m
2
Q) (1.49)
Thus, in the limit mQ →∞, only the first term survives, which is indepen-
dendent of the heavy quark mass:
LHQET = h¯viv.Dhv (1.50)
For this Lagrangian, the Feynman rules are given already in (1.41). In the
above, we have applied the heavy quark limit to the effective Lagrangian, not
the QCD Lagrangian. Thus, the heavy quark symmetry is not the symmetry
of QCD but that of the low energy effective theory, (1.50). The corrections
appear to LHQET due to the finite mass of the heavy quark. As the heavy
quark mass increases, the expansion becomes more and more powerful.
In the rest frame, the O(1/mQ) operators are kinetic and chromomag-
netic operators.
Okin =
1
2mQ
h¯v(iD⊥)
2hv → − 1
2mQ
h¯v(i ~D)
2hv (1.51)
which is the gauge covariant extension of the kinetic energy due to heavy
quark motion.
Omag =
gs
4mQ
h¯vσµνG
µνhv → − gs
mQ
h¯b ~S ~Bchv (1.52)
is the non-Abelian analogue of the Pauli interaction describing the colour
magnetic coupling of the heavy quark spin to the gluon field. In the above
equation for the magnetic operator, the spin operator ~S and the component
of the colour magnetic field Bic are given by
Si =
1
2
(
σi 0
0 σi
)
, [Si, Sj ] = iǫijkSk (1.53)
Bic = −
1
2
ǫijkGjk (1.54)
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The corrections appearing at the next-to-leading order and beyond can
be expressed as the short and long distance parts entangled. While the short
distance physics is contained in the Wilson coefficients, the long distance
physics are given by the local operators.
As we have mentioned earlier (1.35), the energy of the light degrees of
freedom Λ¯ varies with the heavy quark mass. But the choice of the heavy
quark mass is not unique. The mass previously referred to in this section is
the mass in the Lagrangian. If one chooses it to be the pole mass, mQ, then
Λ¯ is given in the asymptotic limit of the heavy quark mass as
Λ¯ = (MH −mQ)|mQ→∞ (1.55)
If we define the heavy quark mass in some other scheme and at a certain
scale, then Λ¯ changes accordingly. However, if defined alternately as
Λ¯− δm = (MH − m¯Q) (1.56)
then the quantity Λ¯ − δm is invariant, where δm is known as the residual
mass of the order of ΛQCD [36]. In that case, since the HQET allows the
residual mass in the leading Lagrangian, LHQET would be of the form
LHQET = h¯viv.Dhv − δmh¯vhv (1.57)
However, if the heavy quark mass is defined as the pole mass, then the
residual mass term, δm = 0. Now, these three quantities mQ, Λ¯ and δm are
non-perturbative parameters of HQET. They cannot be defined precisely in
perturbation theory where ambiguities are of the order of ΛQCD given by
the renormalon graphs.
1.2.3 Exclusive decays
The heavy-quark symmetry nicely describes the exclusive weak decays by a
single function [25, 26, 27]. With a mass-independent normalisation of the
meson states,
〈
M(p′)|M(p)〉 = 2(p0/MM )(2π)3δ3(p− p′) (1.58)
Thus, the meson state is redefined as
|M(v) >=M−1M |M˜ (p) > . (1.59)
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Now, the meson state is characterised by the configuration of the light de-
grees of freedom and this is the eigenstate of the effective Lagrangian which
is supplemented by the QCD Lagrangian for the light degrees of freedom.
Thus weak decays of a heavy meson state, in the heavy quark limit,
corresponds to the replacement of the heavy quark, Q(v), in the initial state
by another Q′(v′). The process is described by
〈
M(v′)|h¯vγµhv|P (v)
〉
= ξ(v.v′)(v + v′)µ (1.60)
where the form factor ξ(v.v′), is independent of the heavy quark mass.
Now, we see the weak decays of the heavy hadrons. There are six form
factors associated with transitions of one flavour to another. The heavy
quark symmetry relates them to one unique and universal function, known
as Isgur-Wise function [27], ξ(v.v′ = 1), where v, v′ are the initial and final
four-velocities. For the transitions due to the currents, Vµ, Aµ, we have
〈
D∗(v′)|Aµ|B(v)
〉
= hA1(y)(y + 1)ǫ
∗
−[hA2vµ + hA3(y)v′µ]ǫ∗.v (1.61)〈
D(v′)|Vµ|B(v)
〉
= h+(y)(v + v
′)µ + h−(y)(v − v′)µ (1.62)〈
D∗(v′)|Vµ|B(v)
〉
= ihv(y)ǫ
µναβǫ∗νv
′
αvβ (1.63)
The six form factors, in the heavy quark limit, are related to one another
by ξ(y = v.v′):
h+(y) = hv(y) = hA1(w) = hA3(w) = ξ(y),
h−(y) = hA3(y) = 0 (1.64)
Now consider the weak decay of B into D which amounts to the re-
placement of the b quark in the initial hadron by the c quark. With the
application of heavy quark symmetry, we have
1√
MBMD
〈
D(v′)|c¯v′γµbv|B(v)
〉
= ξ(y)(v + v′)µ (1.65)
The determination of the matrix elements by ξ(y) is facilitated by compar-
ison with
〈
D(v′)|c¯v′γµbv|B(v)
〉
= f+(q
2)(p + p′)µ − f−(p− p′)µ. (1.66)
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Thus the independent form factors f± are given by ξ(y).
f±(q
2) =
MB ±MD
2
√
MBMD
ξ(y), q2 =M2B +M
2
D − 2yMBMD. (1.67)
If ξ(y) = 1, the form factors are given by the hadron mass. Thus, the
differential decay rate of B → Dlν is given by [37]
dΓ(B¯ → Dlν)
dy
=
G2f
48π3
|Vcb|2(MB +MD)2M5D(y2 − 1)3/2ξ2(y) (1.68)
The symmetry braking corrections, arising in the preasymptotic limit of
the heavy quark mass, are O(ΛQCD/MQ)
2. However, the matrix elements
describing the 1/mQ corrections vanish at the equal velocity limit. This is
known as Luke’s theorem [39], an analogue of the Ademello-Gatto theorem
[40]. The corrections of O(1/m2Q) are studied in [38, 37, 41]
Application of the formalism in which the weak exclusive decays are
expressed in terms of the Isgur-Wise function is to extract the elements of the
CKM matrix. From (1.68), we can determine |Vcb| in a model independent
way [42, 43, 44, 45, 46, 47, 48, 49, 50, 51, 52, 53, 54, 79].
1.2.4 Inclusive decays
The theory of the inclusive decays of the heavy hadrons is formulated using
the optical theorem [55, 56, 57, 58, 59, 60, 61, 62, 63, 64]. It allows one to
determine the quantities like the CKM matrix elements cleanly in a model
independent way. In this mode, considering the final state as the sum of
all the hadronic states, we eliminate the bound state effects which are not
known from the first principles of QCD. This is based on the idea of quark-
hadron duality: the hadronic quantities can be calculated in terms of quarks
and gluons at a particular kinematic point. That is, the hadronic quanti-
ties specified in the physical region are calculable by means of a smearing
mechanism in terms of quarks/gluons [65].
Inclusive decay rate is expressed using the optical theorem as
Γ(Hb → X) = 1
MHb
Im 〈Hb|T |Hb〉 (1.69)
where T is the transition operator given by
T = i
∫
d4xT{Leff (x),Leff (0)} (1.70)
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The effective Lagrangian Leff is given by
Leff = −2
√
2GfJ
µ
CCJCC, µ (1.71)
Insertion of a complete set of states between the time ordered product, the
decay rate is of the form
Γ(Hb → X) = 1
2MH
∑
X
(2π)4δ4(pH − pX)| 〈Hb|Leff |Hb〉 |2 (1.72)
The Lagrangian (1.71) receives a short distance correction due to the virtu-
alities between MW and mb. For the transition operator in (1.70), the OPE
can be constructed in terms of a series of local operators containing heavy
quark fields. These operators are arranged according to their dimensions.
• The first operator is of dimensions three (D = 3): Q¯Q (see Figure
1.1a).
• Secondly, D = 4 operator Q¯iDQ is reduced to mQQ¯Q by the equation
of motion (see Figure1.1b).
• Then the operator of D = 5 which is distinct from the D = 3 operator
is the one involving the gluon field: Q¯gσµνG
µνQ
Then the inclusive decay rate is given by these set of operators by
Γ(HQ → X) =
G2f |VKM |2m5Q
192π3
(
c3
〈
Q¯Q
〉
H + c5
〈
Q¯gσµνG
µνQ
〉
H
m2Q
+ · · ·
)
(1.73)
where cn are the short distance Wilson coefficients calculable in perturbation
theory, and
〈O〉H =
1
2MH
〈HQ|O|Hq〉 (1.74)
The hadronic matrix elements are expanded in inverse powers of the heavy
quark mass (Figure 1.1) as
〈
Q¯Q
〉
H = 1−
µ2pi(H)− µ2G(H)
2m2Q
+O(1/m3Q) (1.75)
〈
Q¯gσµνG
µνQ
〉
H = 2µ
2
G(H) +O(1/m
2
Q) (1.76)
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Q Q
(a)
(b)
Q Q
Q Q
OG
Figure 1.1: Perturbative corrections to the Transition operator, T, (left) and
to the local operators in OPE (right). (a) Q¯Q (b) Q¯gσGQ (Dotted lines are
gluons).
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where the HQET matrix elements are defined as
µ2pi(H) =
1
2M
〈
H(v)|Q¯(iD)2Q|H(v)
〉
(1.77)
µ2G(H) =
1
2M
〈
H(v)|Q¯ g
2
σµνG
µνQ|H(v)
〉
(1.78)
Hence, we have the decay rate of the form
Γ(HQ → X) =
G2f |VKM |2m5Q
192π3
{
c3
(
1− µ
2
pi(H)− µ2G(H)
2m2Q
)
+ 2c5
µ2G(H)
m2Q
+ · · ·
}
(1.79)
In the above equation, the leading order term corresponds to the free
quark decay rate. At O(1/m2Q), the term µ
2
pi(H) describes the motion of the
heavy quark inside the hadron and the term µ2G(H) the hyperfine interaction.
The kinetic term for a B meson is estimated to be in the range of 0.1 to 0.5
GeV2 [66, 67, 68, 77] and the latest value is given by
µ2pi(B) = −λ1 = 0.3± 0.2 GeV2 (1.80)
For the Λb baryon, it is obtained using the mass values of the hadrons from
the following relation
(mΛb −mΛc)− (mB −mD) = [µ2pi(B)− µ2pi(Λb)]
(
1
2mc
− 1
2mb
)
+O(1/m2Q)
(1.81)
where mB,D are the spin-averaged masses of B and D mesons. The kinetic
energy of a heavy quark inside a meson and a baryon differs by
µ2pi(B)− µ2pi(Λb) = 0.01 ± 0.03 GeV2 (1.82)
It should be noted that the bound on the two terms are model independent
µ2pi(B) > µ
2
G(B) ≈ 0.35 GeV2 (1.83)
On the other hand, the hyperfine interaction term is determined pre-
cisely from the difference between the masses of the vector and pseudoscalar
mesons:
µ2G(B) =
3
4
(MB∗ −MB) = 0.12 GeV2 (1.84)
For baryons it vanishes except in the case of the ΩQ baryon.
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Table 1.4: HQE predictions vs Experimental Values
theory experiment
τ(B+)/τ(B0d) 1+O(1/m
3
b ) 1.02 ±0.04
τ(B0s )/τ(B
0
d) (1.0 ± 0.01)+O(1/m3b ) 1.01 ±0.07
τ(Λb)/τ(B
0
0 ) 0.98 + O(1/m
3
b) 0.78 ±0.05
Br(B)SL 12.5% 10.5%
nc 1.16 1.24
The phase space factors corresponding to the Cn are given by
c3 = 1− 8x+ 8x3 − x4 − 12x2 log x2 (1.85)
c5 = (1− x)4 (1.86)
where x = m2q/m
2
b , the mass ratio of the final state quark to the decaying
quark. The leading order factor given in (1.85) is exact [69] and the other
due to higher orders in (1.86) is known only partially [70].
The total decay rate scales like m5b . The leading order term corresponds
to the free heavy quark decay rate. This is universal for all hadrons of a given
flavour. The next-to-leading order terms appear at O(1/m2b ). They describe
the heavy quark motion inside the hadron and the hyperfine interaction
due to heavy quark spin projection. However, the next to leading order
contributions are suppressed by m−2b .
With these, the important predictions for inclusive properties of beauty
hadrons are given in Table 1.4.
Because of the discrepancy in the case of Λb, the semileptonic branching
ratio of B mesons, Br(B)SL [73, 74, 75] and the charm counting, nc, [72, 76],
the third order in 1/mQ terms have necessarily to be evaluated. This will
be discussed in the next chapter.
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Chapter 2
Four-quark operators
In this Chapter we discuss the evaluation of the expectation values of four-
quark operators (EVFQO). The EVFQO are estimated in two different ap-
proaches: (1) in terms of the form factor characterising the light scattering
off the heavy quark inside the hadron, using a potential model1, and (2)
from the difference in the total decay rates of beauty hadrons2.
2.1 Preview
As already mentioned, in order to systematically accommodate the contribu-
tion coming from the terms at the third order of the heavy quark expansion,
it is necessary to evaluate the expectation values of the four-quark operators.
These are the dimension six operators involving both the heavy and light
quark fields. Though their contributions are negligible as compared to the
volume of heavy quark occupation, O(ΛQCD/mQ)
3, they are considerably
enhanced due to partial compensation by the four-quark phase-space. As
previously noted, the lifetimes of all mesons as well as baryons are almost
equal among themselves respectively. But the knowledge of their individ-
ual hierarchy depends on the outcome of the terms at O(1/m3Q). Besides,
the persisting confrontation of the theoretical estimate of the lifetime of
Λb with the experimental value necessiates the evaluation of the four-quark
operators.
1S. Arunagiri, Colour-straight four-quark operators and lifetimes of b-flavoured hadrons
[80].
2S. Arunagiri, A note on spectator effects and quark-hadron duality in inclusive beauty
decays [90].
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The hadronic matrix elements at O(1/m3Q) is
C(µ)
〈
Hb|(Q¯ΓµQ)(q¯Γµq)|Hb
〉
(2.1)
where Γµ stands for some arbitrary Dirac structure, the coefficient C(µ)
describes the short distance QCD processes which will be discussed in the
next chapter. The operators, in (2.1), are induced into a set of four by the
spectator effects. They are:
OqV−A = b¯γµ(1 − γ5)qq¯γµ(1− γ5)b (2.2)
OqS−P = b¯(1− γ5)qq¯(1 + γ5)b (2.3)
T qV−A = b¯γµ(1 − γ5)taqq¯γµ(1− γ5)tab (2.4)
T qS−P = b¯(1− γ5)taqq¯(1 + γ5)tab (2.5)
By insertion of vacuum states, we have〈
OqV−A
〉
Bq
=
〈
OqS−P
〉
Bq
= f2Bm
2
B (2.6)〈
T qV−A
〉
Bq
=
〈
T qS−P
〉
Bq
= 0 (2.7)
where fB is the leptonic decay constant of B meson. The evaluation of the
operators is a difficult task. It involves the nonperturbative aspect of QCD.
The expectation values of these operators are understood as the probability
of finding both the quarks at the origin, |Ψ(0)|2. The traditional way of
estimating the expectation values of these operators for a meson is to use
the vacuum insertion approximation and express the value in terms of the
leptonic decay constant:
1
2mB
〈
B|(Q¯ΓµQ)(q¯Γµq)|B
〉
= |Ψ(0)|2B =
f2BmB
12
(2.8)
On the other hand, for baryon, one has to use the valence quark approxi-
mation. These estimations are model dependent. We next discuss the eval-
uation of the expectation values of four-quark operators made by Rosner
[81], Neubert and Sachrajda [82] and De Fazio and Colangelo[83], followed
by the evaluation made in potential model and from the difference in the
decay rates of the SU(3) triplet mesons and baryons.
In [81], Rosner estimated the wavefunction density for Λb in constituent
model using the DELPHI value of mass difference between Σ and Σ∗ [84].
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With the four-quark operators of a meson estimated in terms of the leptonic
decay constant, the operators of a baryon can be made in a quark model
using the hyperfine mass splitting of the b-baryons. The mass splittings due
to the hyperfine interaction in a meson, Mij¯, and in a baryon, Bijk, are
given by
∆M(Mij¯) =
32π
9
αs
〈sˆi.sˆj〉
mimj
|Ψ(0)|2ij¯ (2.9)
∆M(Bijk) =
16π
9
αs
∑
i>j
〈sˆi.sˆj〉
mimj
|Ψ(0)|2ij (2.10)
The value of 〈sˆQ.sˆq¯〉 is (1/4, -3/4) for a (3S1,1 S0) Qq¯ meson. With Sqq = 1,
〈sˆQ.sˆq¯〉 is (1/4, -1/2) for states with total spin (3/2, 1/2) for a Qqq baryon.
With these, the expectation values of four-quark operators for a b-baryon is:
|Ψ(0)|2Λb =
4
3
∆Bijk
∆Mij
|Ψ(0)|2B (2.11)
For the baryon mass splitting, M(Σ∗b)−M(Σb) = 56± 16 MeV [84] and
for M(B∗)−M(B) = 46 MeV, we get
|Ψ(0)|2Λb = (2.6 ± 1.3)× 10−2 GeV3 (2.12)
As will be discussed in the next chapter, this value is found not sufficient
to account for the smaller lifetime of Λb. However, this work is in favour of
larger value of |Ψ(0)|2 for Λb than that of B.
Neubert and Sachrajda [82] parameterised the dimension six matrix el-
ements in terms of hadronic parameters. The four-quark matrix elements
between hadrons are given in terms of the hadronic parameters Bi, ǫi. For
B mesons
1
2mB
〈
B|(b¯LγµqL)(q¯LγµbL)|B
〉 ≡ f2BmB
8
B1 (2.13)
1
2mB
〈
B|(b¯RqL)(q¯LbR)|B
〉 ≡ f2BmB
8
B2 (2.14)
1
2mB
〈
B|(b¯LγµtaqL)(q¯LγµtabL)|B
〉 ≡ f2BmB
8
ǫ1 (2.15)
1
2mB
〈
B|(b¯RtaqL)(q¯LtabR)|B
〉 ≡ f2BmB
8
ǫ2 (2.16)
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where the hadronic parameters in the large-Nc limit
Bi = O(1), ǫi = O(1/Nc) (2.17)
Using QCD sum rules, it is found that ǫ1 = −0.15 and ǫ2 = 0.
Similarly, the matrix elements between Λb states are expressed as
1
2mΛb
〈
Λb|(b¯LγµqL)(q¯LγµbL)|Λb
〉 ≡ −f2BmB
8
r (2.18)
where r = |Ψ(0)|2Λb/|Ψ(0)|2B . It is expected that the ratio is about unity.
But Rosner argued that it should be larger than unity.
2.2 Potential Model Evaluation
In the nonrelativistic quark theory, the wave function density and diquark
density are related to the associated operator
O6 = (b¯iΓbb
i)(q¯jΓqq
j), (2.19)
where the Γb,q are arbitrary Dirac structures, through
1
2MB
< B|(b¯b)(q¯q)|B > = |Ψ(0)|2 (2.20)
1
2MΛb
< Λb|(b¯b)(q¯q)|Λb > =
∫
d3y|Ψ(0, y)|2 (2.21)
for a meson and a baryon respectively. The operators in (2.19) are colour
singlet. The expectation values of these operators are related to the transi-
tion amplitude of the light quark scattering off the heavy quark. Thus the
determination is based on the knowledge of the light quark scattering form
factor.
The wave function at the origin, in momentum representation, is given
by
Ψ(0) =
∫
d3p
(2π3)3
Ψ(p). (2.22)
The transition amplitude is then the Fourier transform of the light quark
density distribution:
F (q) =
1
2MH
< Hb(q)|q¯q(0)|Hb(0) >=
∫
d3xΨ∗(x)Ψ(x)eiqx. (2.23)
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Integrating over all q yields the expectation value:
∫
d3q
(2π)3
F (q) = |Ψ(0)|2 = 1
2MH
< Hb|b¯bq¯q(0)|Hb > (2.24)
For any Dirac structure Γ, the light quark current density and the light
quark transition amplitude are given by:
JΓ(x) = q¯Γq(x) (2.25)
AΓ(q) =
1
2MH
< Hb(q)|JΓ(0)|Hb(0) > (2.26)
where the JΓ(0) is gauge invariant operator, and it is not required to be a
bilinear. Thus, for spin-singlet operators, we have
< H(q)|b¯bJΓ(0)|Hb(0) >=
∫
d3q
(2π)3
< Hb(q)|JΓ(0)|Hb(0) > (2.27)
And, similarly for spin-triplet operators,
< H(q)|b¯σkbJ¯Γ(0)|Hb(0) >=
∫
d3q
(2π)3
< Sk Hb(q)|JΓ(0)|Hb(0) > (2.28)
with S/2 being the b-quark spin operator and
|Sk Hb >=
∫
d3xb¯σkb(x)| Hb > (2.29)
Equations (2.27) and (2.28) represent the general structure of four-quark
operators. The above operators are local as required for by the HQE in the
sense that the light quark operators enter at the same point as the heavy
b-quark operators. These relations hold equally for different initial and final
hadrons having different momenta smaller than mb.
Equation (2.19) resolves into spin-singlet and spin-triplet operators for
Γb = 1 and Γb = γγ5(= σ) respectively. The light quark elastic scattering
is described by the form factor F(q2). In Ref. [85], the exponential ansatz
and the two pole ansatz are used for the form factor. Both of them lead to
a result which is the same for meson and baryon.
Model for form factor
As will be discussed in the following sections, the expectation values of the
colour-straight operators are parameterised in terms of a single form factor
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for both the B-meson and Λb baryon [80]. The extraction of the form factor
involves an assumption of a function such that it satisfies the constraints on
the form factor that F(q2 = 0) is equal to the corresponding charge of the
hadron. Then the form factor has to be extrapolated into the region where
q2 > 0. We take the hadronic wave function of ISGW harmonic oscillator
model [86] for the form factor. The wave functions of ISGW model are
the eigenfunctions of the orbital angular momentum L = 0 satisfying the
overlapping integral which is chosen as the form factor.
F (q2) = N2exp[−q2/2(β2f + β2i )] (2.30)
where N is the normalisation constant given by [2βfβi/(β
2
f + β
2
i )]
3/2 and β’s
are oscillator strengths. For the same initial and final hadrons (βi = βf = β),
the transition amplitude is [80]
∫
d3q
(2π)3
F (q2) =
β3
4π3/2
= |Ψ(0)|2 (2.31)
From the above equation, which is the master equation for evaluation of the
EVFQO, it is obvious that the transition amplitude and hence the expecta-
tion values of four fermion operators are proportional to the third power of
the oscillator strength of the hadron.
The calculation of β’s can be made using a QCD inspired potential. In
the present calculation, we use the potential for a B-meson containing the
Coulomb, confining and constant terms:
V (r) =
a
r
+ br + c (2.32)
where a = – 0.508, b = 0.182 GeV2 and c = – 0.764 GeV. With quark masses
mq = 0.3 GeV (treating mu = md), ms = 0.5 GeV and mb = 4.8 GeV, using
a variational procedure with the wave function given in position space as,
Ψ(0)1s =
β3/2
π3/4
e−β
2r2/2 (2.33)
the oscillator strengths of the beauty mesons are obtained. The values are
[86]
βBq = 0.4 GeV (2.34)
βBs = 0.44 GeV (2.35)
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For the Λb baryon, we use the same procedure as before but a potential
of the form
V (r) =
1
2
(
a
r
+ br + ζ ′r2 + c
)
(2.36)
where ζ ′ = ζβ2, with ζ = 1 GeV and the r2 term is a harmonic oscillator
term justifying the consideration that the Λb be a two body system using
the same wave function as in (2.33), we determine the values of β for the
baryons [80]:
βΛb = 0.72 GeV (2.37)
βΞb = 0.76 GeV (2.38)
We have taken the mass of the diquark system as 0.6 and 0.8 GeV for Λb
and Ξb respectively.
The large value for the βΛb is due to the presence of the O(r
2) term in
the potential. Otherwise, the value of βΛ is no different than that of Bs.
These values are used in the subsequent calculations. A comment is in order
on the choice of the same wave function for both the baryon as for meson:
In the usual procedure, the ground state wave function for a baryon is
Ψground ≈ e−α2(r2λ+r2ρ)/2 (2.39)
where rλ,ρ are the internal coordinates for the three body system. Due to the
idea of considering Λb as a system containing the bound state of light quarks
and a heavy quark, the separation between the two light quarks which make
the bound state, is treated negligible. Then the baryon can be considered as
a two body system, a reasonable approximation. The difference between a
meson and a baryon is essentially due to the value of the oscillator strength.
Expectation values
We evaluate the expectation values of the colour-straight operators only for
the vector and axial-vector currents. Nevertheless, the other currents can
also be studied in the same fashion. Both the currents are possible for the
B-meson, while axial currents vanish for Λb baryon due to the light quarks
constituting a spinless bound state.
Essentially there is no difference between the exponential ansatz and the
harmonic oscillator wave function in representing the behaviour of the form
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factor, but they differ while fixing the scale: in the former case, the hadronic
scale of one GeV is used whereas in the latter the same has been fixed by
solving the Schro¨dinger equation. The two pole anstaz is based on the well
founded experimental values. Basically, the use of the harmonic oscillator
wave function of the constituent quark model is an alternate picture but in
the very same lines of the ansatz.
Hereinafter the operators are referred to by the following notation: for
the meson
< OqV,A >H=
〈
b¯ΓV,Abq¯ΓV,Aq
〉
(2.40)
< T qV,A >H=
〈
b¯ΓV,At
abq¯ΓV,At
aq
〉
(2.41)
where ΓV,A = γµ, γµγ5 and t
atb = 1/2 − 1/2Nc. In what follows, q stands
for u and d quarks and s for the strange quark.
And, < OV,A >,< TV,A > will be respectively denoted as ωV,A, τV,A. For
the baryon, < O(T )V > correspond to λ1,2 respectively.
B-meson
The parameterisation of the matrix element of the colour-straight operators
for the vector current is
< B(q)|JΓV |B(0) >= −vµFB(q2) (2.42)
with the constraints FB(0) = 1 for valence quark current and FB(0) = 0 for
the sea quark current. The former is relevant for the b-meson composition
of quarks bq¯. Then the corresponding transition amplitude is
ABΓV =< B(q)|O
q
V |B(0) >= vµ
∫
d3q
(2π)3
FB(q
2) (2.43)
Under isospin SU(2) symmetry,
〈OqV 〉B− = 2.88 × 10−3 GeV3 (2.44)
〈T qV 〉B− = 9.61 × 10−4 GeV3 (2.45)
For Bs, we have
〈OqV 〉Bs = 3.83 × 10−3 GeV3 (2.46)
〈T qV 〉Bs = 1.28 × 10−3 GeV3 (2.47)
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If violation of isospin symmetry and SU(3) flavour symmetry is considered,
then there comes Cabibbo mixing of eigenstates for d and s quarks among
themselves. That is, d′ = d cos θc + s sin θc and s
′ = s cos θc + d sin θc. This
would bring in negligible corrections.
For the axial current, there are two form factors which are related to each
other due to the conservation of the axial current, ∂µJµ5 = 0, in the chiral
limit. By the Goldberger-Treiman relation [87] which equates axial charge
form factor to the coupling gB∗Bpi at q
2 = 0, the operators involving the
axial-currents are estimated in terms of a single form factor. Thus, given
the value of the coupling g, the extraction of the transition amplitude is
similar to the B-meson case.
With the Goldberger-Treiman relation, we obtain the EVFQO for axial
currents as
G1(q
2) = q2G0(q
2) = ge−q
2/4β2 (2.48)
where g = – 0.03 [88, 89]. The numerical estimates are
〈OqA〉B− = 8.63 × 10−5 GeV3 (2.49)
〈T qA〉B− = 2.88 × 10−5 GeV3 (2.50)
〈OsA〉Bs = 1.15 × 10−4 GeV3 (2.51)
〈T sA〉Bs = 3.84 × 10−5 GeV3 (2.52)
These values are insignificant as compared to the vector current contribu-
tions.
Λb baryon
For the Λb baryon, treating u and d quarks equally,
〈OqV 〉Λb = 1.69× 10
−2 GeV3, 〈T qV 〉Λb = 5.64 × 10
−3 GeV3 (2.53)
In the case of Ξb, we have,〈 ∑
q′=u,d,s
Oq
′
V
〉
Ξb
= 2.01×10−2 GeV3,
〈 ∑
q′=u,d,s
T q
′
V
〉
Ξb
= 6.72×10−3 GeV3
(2.54)
Even though there are corrections to the form factors due to charge radius,
they are ignored as we are interested in the wave function density at the
origin.
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Non-factorisable part of the FQO
The nonfactorisable parts of the FQO come in four. The following is one of
the ways of parameterising them [82].
1
2MB
< B|(b¯q)V−A(q¯b)V −A|B >= f¯2BMBB1/2 (2.55)
1
2MB
< B|(b¯taq)V−A(q¯tab)V −A|B >= f¯2BMBǫ1/2 (2.56)
1
2MB
< B|(b¯q)S−P (q¯b)S−P |B >= f¯2BMBB2/2 (2.57)
1
2MB
< B|(b¯taq)S−P (q¯tab)S−P |B >= f¯2BMBǫ2/2 (2.58)
where B1,2 and ǫ1,2 are hadronic parameters. They are related to wV,A and
τV,A which are the expectation values of the operators OV,A and TV,A as
defined earlier:
f¯2BMBB1 = φ1 = 4(τV + τA) +
2
NC
(ωV + ωA) (2.59)
f¯2BMBB2 = φ2 = −2(τV − τA)−
1
NC
(ωV − ωA) (2.60)
f¯2BMBǫ1 = ρ1 = −
2
NC
(τV + τA) + (1− 1
N2C
)(ωV + ωA) (2.61)
f¯2BMBǫ2 = ρ2 =
1
NC
(τV − τA)− 1
2
(1− 1
N2C
)(ωV − ωA) (2.62)
In the case of the Λb baryon, the nonfactorisable piece corresponds to
[82]
< (b¯q)V−A(q¯b)V−A) = −
1
2NC
λ1 − λ2 (2.63)
2.3 Flavour dependence of decay rates
In this section, we attempt to evaluate the expectation values of the four-
quark operators from the differences in the total decay rates of the b-hadrons.
That means we assume that the heavy quark expansion, being asymptotic in
nature, converges at O(1/m3) of the expansion. Already the next-to-leading
order contribution due to terms of O(1/m2) is only about five percent of the
leading order. Thus, it cannot be anticipated that the size of the terms at
the third order in 1/m would be more than a few percent. On the other
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hand, the observation made above is applicable only to the beauty case,
since
16π2
m3c
C(µ) 〈O6〉Hc ≫
16π2
m3b
C(µ) 〈O6〉Hb (2.64)
where C(µ) stands for some structure involving c± and 〈O6〉H , the dimension
six FQO of hadron. Hence, in the background described, we make use of
the total decay rates to obtain the expectation values of the four-quark
operators for the b-hadrons. Therefore, the present evaluation depends only
on the heavy quark expansion and the SU(3) flavour symmetry, as has been
shown in [91].
Splitting of Decay Rates and Expectation Values of Four-quark
Operators
The B mesons, B−, B0 and B0s , are triplet under SU(3)f flavour symmetry.
The total decay rate of B meson splits up due to its light quark flavour
dependence at the third order in the HQE. The differences in the decay
rates of the triplet, Γ(B0)−Γ(B−),Γ(B0s )−Γ(B−) and Γ(B0s )−Γ(B0), are
related to the third order terms in 1/m by
Γ(B0)− Γ(B−) = −Γ′0(1− x)2
{
Z1
1
3
(2c+ − c− + 6) + 2(c+ − c−/2 + 1)
}
×〈O6〉B0−B− (2.65)
Γ(B0)− Γ(B−) = −Γ′0(1− x)2
{
Z2
1
3
(2c+ − c− + 6) + 2(c+ − c−/2 + 1)
}
×〈O6〉B0s−B− (2.66)
Γ(B0)− Γ(B0) = −Γ′0(1− x)2
{
(Z1 − Z2)1
3
(2c+ − c− + 6)
}
×〈O6〉B0s−B0 (2.67)
where Γ′0 = 2G
2
f |Vcb|2m2b/3π, c− = c−2+ = (α(m)/α(mW ))2γ/β , β = 11 −
2nf/3 (nf the number of flavours), γ = 2, x = m
2
c/m
2
b and
Z1 =
(
cos2 θc(1 +
x
2
) + sin2 θc
√
1− 4x(1− x)
)
(2.68)
Z2 =
(
sin2 θc(1 +
x
2
) + cos2 θc
√
1− 4x(1− x)
)
(2.69)
〈O6〉 =
〈
1
2
(b¯Γµb)[(d¯Γµd)− (u¯Γµu)]
〉
≡
〈
1
2
(b¯Γµb)[(s¯Γµs)− (q¯Γµq)]
〉
(2.70)
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with q = u, d. In (2.65-2.67), the right hand side contains the terms cor-
responding to the unsuppresed and suppressed nonleptonic decay rates and
twice the semileptonic decay rates at the third order.
For the decay rates Γ(B−) = 0.617 ps−1, Γ(B0) = 0.637 ps−1 and
Γ(B0s ) = 0.645 ps
−1 [2], the EVFQO are obtained for a B meson, as an
average from (2.65-2.67):
〈O6〉B = 8.08× 10−3 GeV3. (2.71)
This is smaller than the one obtained in terms of the leptonic decay constant,
fB.
On the other hand, for the triplet baryons, Λb, Ξ
− and Ξ0, with τ(Λb)
< τ(Ξ0) ≈ τ(Ξ−), we have the relation between the difference in the total
decay rates and the terms of O(1/m3) in the HQE, as
Γ(Λb)− Γ(Ξ0) = 3
8
Γ′0(−c+(2c− + c+ − 2) 〈O6〉Λb−Ξ0 (2.72)
We obtain the EVFQO for the baryon
〈O6〉Λb−Ξ0 = 3.072 × 10−2 GeV3 (2.73)
where we have used the decay rates corresponding to the lifetimes 1.24 ps
and 1.39 ps [2] of Λb and Ξ
0 respectively. The EVFQO for the baryon is
about 3.8 times larger than that of the B meson. But it is about 3.5 - 4.0,
depending on the changes in the mass and other sources of uncertainty.
The expectation values for a baryon is quite large. In fact, Rosner [81]
found it to be 1.8 times larger than that of a meson which accounts for
about 45% (if hard gluon exchange is included) of the needed enhancement
in the decay rate. However, what we obtain is model independent. We have
only used the experimental total decay rates. The result is surprising as well
as genuine, if one has to believe the experimental values used. Still, there
is room for uncertainty of a few percent. On the other hand, the generic
structure we employed can be decomposed into many as found in [82] by
Neubert and Sachrajda. Using them. we will get an improved estimate, but
in that case it may become somewhat model dependent. We should note
here that preliminary study on lattice [92] shows that the EVFQO would
enhance the decay rate of Λb.
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Chapter 3
Spectator effects
In this Chapter, we present the predictions for the ratio of lifetimes of beauty
hadrons using the expectation values obtained in Ref. [80, 90]. Also pre-
sented is the determination the inclusive charmless semileptonic decay rate
of Λb and discuss its influence on Br(b→ Xulν) 1.
3.1 Spectator Processes
In the description of the inclusive decays of heavy hadrons by the heavy
quark expansion, the total decay rate scales like m5b . Corrections appear at
O(1/m2b ) due to the heavy quark motion inside the hadron and the hyperfine
interaction due to the heavy quark spin orientation. These corrections are
about 10% of the leading order. As the heavy quark mass increases, the
corrections are much suppressed by the inverse powers of the heavy quark
mass. At the third order in 1/m3b , the effects are due to the participation
of the light quarks (See Figure3.1). Though the effects are negligibly small,
they distinguish the lifetimes of various hadrons of given flavour quantum
number. We discuss first the processes involving light quarks [93, 94, 95,
96]. Then we will use the expectation values of the four-quark operators of
mesons and baryons estimated in the previous chapter to get the lifetimes
of the beauty hadrons.
1S. Arunagiri, Inclusive charmless semileptonic decay of Λb and Br(b → Xulν), hep-
ph/0005266. [97]
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Pauli interference (PI)
For the decay of a (Qq¯) hadron, the quark level process isQ(qi)→ Q′qfq′f (qi),
where the subscript associated with q’s denote the light quark in the initial
hadron i and the light quarks produced in the decay f . If one of the final
state light quarks happens to be the same as the initial state quark, then
the wave functions will interfere. For example consider the decay mode
B− → XcXq, where the subscripts c and q denote the charmed and light
quark of either u and d final states. If either of the light quarks in the final
state Xq is identical to the one in the initial hadron, they will interfere de-
structively. On the other hand, if Q′ happens to be identical to qi, then the
interference will be a constructive one. The former will decrease the decay
rate causing increase in the lifetime, while the latter will do the opposite.
The constructive interference can happen only in the baryon. For exam-
ple, in the charmless semileptonic processes of Λb → Xulν, the corresponding
quark process is b(ud) → Xulν(ud). The u quark in the state Xu and the
u in the initial hadron will interfere constructively. This can happen in the
nonleptonic process as well.
W -scattering (WS) and weak annihilation (WA)
Another spectator process corresponds to the cross-channel of the quark
decay. In the notation used before, the light quark in the initial hadron can
scatter off the heavy quark through exchange of W field into a pair of light
quarks, i. e., qiQ → qfq′f . This process can happen only in baryons. This
process is known as W -scattering or W -exchange, which occur in baryons
only.
Or, if the quark scattering off the heavy one happens to be an anti-quark,
then they annihilate into a pair of leptons or quarks via a W boson: qiQ→
qf q
′
f , where qi is an anti-quark. This is the so-called weak annihilation
process occuring only in mesons.
3.2 Decay Rates due to Spectator Effects
We summarise below the spectator contribution to the beauty hadron de-
cays.
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Figure 3.1: Spectator quark processes. (a) Pauli interference in B, (b) Weak
annihilation in B, (c) W-scattering in Λb and (d) Pauli interference in Λb.
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The quark level process b→ cu¯d:
• B−(bu¯): the u¯u¯ interference term is given by
∆Γ(B−) = Γ024π
2C0< O
q
6 >B− /m
3
b (3.1)
where
C0 = c
2
+ − c2− + (c2+ + c2−)/Nc (3.2)
Γ0 = G
2
fm
5
b |VKM |2/192π3 (3.3)
c+ = c
−1/2
− = (α(mb)/α(mW ))
4/β0 (3.4)
with β0 = 11 − 2nf/3, nf being the number flavours. In (3.1), 〈O6〉
stands for the EVFQO.
• B0d(bd¯): In this case, the dd¯ annihilation contributes to the total decay
rate. The magnitude of this effect is not significant.
• B0s (bs¯): No spectator effect occurs.
The spectator effects become significant depending on the quark level
process.
For the above quark level process, in the case of beauty baryons, we
have:
• Λb(bud): There are two processes, dd destructive Pauli interference
and uu¯ W-scattering. The Pauli interference in this case enhances the
decay rate resulting in the Λb lifetime smaller than the average lifetime
of the beauty hadrons. The combined decay rates are given in (3.14
and 3.15) in the latter part of this Chapter.
• Ξ0(bds),Ξ−(bus): In the case of these hyperons, weak scattering and
destructible Pauli interference occur.
3.3 Lifetimes of Beauty Hadrons
Using the results obtained for the expectation values of the four-quark op-
erators of the hadrons, we present the results for the ratio of lifetimes of
them.
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The decay rates of the b-flavoured hadrons are given by
Γ(Hb → Hclν¯l) = Γ0
[
(1− λ1 − 3λ2
2m2Q
)f(x) +
2λ2
m2Q
f ′(x)
]
(3.5)
where, with x = m2c/m
2
b
f(x) = 1− 8x+ 8x3 − x4 + 12x2lnx2 (3.6)
f ′(x) = (1− x)4 (3.7)
are the QCD phase space factors and λ1 and λ2 correspond to the motion
of the heavy quark inside the hadron and the chromomagnetic interaction
respectively. We use: λ1(B) = 0.5 GeV
2, λ1(Λb) = −0.43 GeV2 and λ2(B) =
0.12 GeV2. Equation (3.5) is further supplemented by the FQO at the order
(1/m3Q) in the HQE.
3.3.1 Ratio of Lifetimes of B− and Bd
Although the difference between the lifetimes of the charged and the neutral
B-mesons is almost a settled issue, we check them once again using the expec-
tation values of the colour-straight operators. This difference is attributed
to PI and WA. Neglecting the WA as it is strongly CKM suppressed the
result for the PI is
∆Γf (B−) = Γ024π
2C0
< OqV >B− − < OqA >B−
m3b
(3.8)
where C0 = c
2
+ − c2− + 1Nc (c2+ + c2−) and the values for Wilson coefficients
are: c+ = 0.84 and c−− = -1.42 with Nc = 3. We use mb = 4.8 GeV and
|Vcb| = 0.04. Then the ratio is
τ(B−)
τ(Bd)
= 1.00 (3.9)
This agrees well with the one obtained in terms of B-meson decay constants.
The decay rates due to spectator quark(s) processes are: For B−,
∆Γnf (B−) =
G2fm
2
b
12π
|Vcb|2(1− x)2[(2c2+ − c2−)φ1 + 3(c2+ + c2−)ρ1] (3.10)
Hence the ratio is 1.03.
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3.3.2 Ratio of Lifetimes of B− and Bs
The difference in lifetimes between the two neutral mesons Bs and Bd is due
to W exchange. The numerical result is
τ(Bs)
τ(Bd)
= 1.00 (3.11)
Corresponding to the nonfactorisable part, we get the decay rate
∆Γnf (Bs) = Γ0(1− 4x)1/2η (3.12)
where Γ0 = G
2
fm
2
b/12π|Vcb|2 and η is given by
η =
(2c+ − c−)2
3
[
((1− x)φs1 − (1 + 2x)φs2) +
(c+ + c−)
2
2
((1− x)ρs1 − (1 + 2x)ρs2)
]
(3.13)
The ratio becomes 1.02.
3.3.3 Ratio of Lifetime of Λb and B
−
In the HQE, the difference in lifetimes between mesons and baryons begins
to appear at order 1/m2Q. Nevertheless, it is dominant at third power in
1/mQ. At this order, the FQO receives corrections due to WS and PI. They
are
ΓWS(Λb) = 92π
2Γ0c
2
−
< OqV >Λb
m3b
(3.14)
ΓPI(Λb) = −48π2Γ0C1< O
q
V >Λb
m3b
(3.15)
where C1 = −c+(2c− − c+). As mentioned earlier, PI is destructible for
radiative corrections and it enhances the decay rate leading to smaller life-
time for Λb. The effect of WS, on the other hand, is colour enhanced and
its consequence is smaller. Hence,
τ(Λb)
τ(Bd)
= 0.79 (3.16)
The decay rate modified by the nonfactorisable piece is given by
∆Γ(Λb) =
G2fm
2
b
16π
λ¯[4(1− x)2(c2− − c2+)− (1− x)2(1 + x)(c− − c+)(5c+ − c−)]
(3.17)
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Correspondingly, the ratio is
τ(Λb)
τ(B−)
= 0.84 (3.18)
In mesonic cases, the nonfactorisable piece gives a little higher value. In
particular, the ratio of the lifetimes of the baryon and meson is significantly
larger.
3.4 Inclusive Charmless Semileptonic Decay
Motivation
Precise determination of the CKM matrix elements is fundamentally an
important task for the Standard Model. There are as many as five of the
nine elements of the CKM matrix that can be extracted from the knowledge
of the weak decays of beauty hadrons. Particularly, |Vcb| and |Vub| can be
extracted in the framework of heavy quark expansion (HQE) in a direct and
fairly model independent way [21]. With the measurements of the inclusive
charmless semileptonic branching ratio of b hadrons by the ALEPH [98], L3
[99] and DELPHI [100] collaborations at LEP, the determination of |Vub|
has attracted renewed interest recently. The measured values of inclusive
charmless semileptonic branching ratio of b hadrons and the corresponding
values of |Vub| extracted are
Br(b→ Xulνl) = (1.73 ± 0.55 ± 0.55) × 10−3,
|Vub| = (4.16 ± 1.02) × 10−3 (ALEPH) (3.19)
Br(b→ Xulνl) = (3.3± 1.0 ± 1.7)× 10−3,
|Vub| = (6.0+0.8+1.4−1.0−1.9 ± 0.2)× 10−3. (L3) (3.20)
Br(b→ Xulνl) = (1.57 ± 0.35 ± 0.48 ± 0.27) × 10−3,
|Vub/Vcb| = (0.103+0.011−0.012 ± 0.016 ± 0.010). (DELPHI) (3.21)
In these analyses, the measured quantity is
Br(b→ ueν)
Br(b→ ceν) ∝
∣∣∣∣VubVcb
∣∣∣∣2 . (3.22)
This has an advantage of being free of many hadronic uncertainties that
occur in the non-leptonic decays. Also, the determination of the CKM
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matrix elements from inclusive decays can in general be made with less
theoretical uncertainties than the ones extracted from exclusive modes. For
semileptonic decays of baryons, however, there could still be large spectator
effects due to Pauli interference as pointed out by Voloshin for Ξc [101].
To the inclusive charmless semileptonic branching ratio of b hadrons, the
contribution of Λb is about 10% with the rest coming from the B mesons.
There are many theoretical works [102] which study the B → Xulνl to
determine |Vub|. But not much has been done on the inclusive charmless
semileptonic decay of Λb. In the analyses of ALEPH and L3, Λb → Xulνl
is included in their sample, but in that of DELPHI, the rejection of kaons
and protons that was used in the selection criteria reduces the contributions
from Λb.
We study the inclusive charmless semileptonic decay of Λb [97]. We find
that the baryonic decay rate is larger by a factor of about 1.36, due to
spectator effects, than that of the b quark decay rate. We then discuss the
correction factors needed on Br(b→ ulνl) to account for the spectator effect
in Λb → Xulνl.
3.4.1 Inclusive Charmless Semileptonic Decay Rates
The total rate of inclusively decaying beauty hadrons into a charmless final
state is given by the HQE[21] as
Γ(Hb) =
G2f |Vub|2m5
192π3
(
1− λ1 − 3λ2
2m2
− 2 λ2
m2
+O
(
1
m3
))
(3.23)
where, with m being the mass of the heavy quark, the term of O(1/m0) cor-
responds to the free heavy quark decay rate, the terms at O(1/m2) describe
the motion of the heavy quark inside the hadron (λ1 = −0.5 GeV2 for B and
−0.43 GeV2 for Λb) and the chromomagnetic interaction due to the heavy
quark spin projection (λ2 = 0.12 GeV
2) which vanishes for baryons except
ΩQ and the third order term in 1/m is given by
C(µ)
〈
H|(b¯Γq)(q¯Γb)|H〉.
The operators in 〈...〉, denoted as 〈O6〉 below, are evaluated in [103] by one
of us for B and Λb. The Wilson coefficients are describing the spectator
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quark processes like Pauli interference, weak annihilation and W -scattering
which occurs in baryons only.
In the mode Λb → Xulνl, the spectator effect is the constructive interfer-
ence of the u quark of the final state with the u quark in the initial hadron
(see Fig. ??) which enhances considerably the decay rate. Otherwise, with-
out spectator effects, the baryonic decay rate is almost the same as that of
the heavy quark decay rate. The decay rate due to spectator processes is
given by
∆Γ(Λb) = 48π
2Γ0
〈O6〉Λb
m3
(3.24)
where Γ0 = G
2
f |Vub|2m5/192π3. Using the expectation values of the four-
quark operators obtained in Ref. [103] for Λb, 〈O6〉Λb = 6.75 × 10−2 GeV3,
we obtain the ratio
Γ(Λb → Xulνl)
Γ(b→ Xulνl) = 1.36. (3.25)
whereas at O(1/m2), this ratio is 1.01. It should be pointed out that this en-
hancement has a large theoretical uncertainty which is difficult to estimate.
On the other hand, no such enhancement exists for Λ → Xceνe and thus
the ratio is increased by 36% for Λb. In passing, we note that the hadronic
b→ u decay of Λb is not substantially enhanced due to the cancellations of
constructive uu and destructive dd interferences.
3.4.2 Br(b→ Xulν) and Vub
The inclusive charmless semileptonic branching ratio of b hadrons is given
by
Br(b→ Xulνl) = (1− fΛb)Γ(B → Xulνl)τ(B) + fΛbΓ(Λb → Xulνl)τ(Λb)
(3.26)
In principle, Ξ0,−1b can also be produced at LEP. However, it is suppressed by
ss¯ production from vacuum relative to uu¯ or dd¯ production. Furthermore,
the neutral Ξb which consists of b, u, and s quarks has the same enhance-
ment factor as Λb in the charmless semileptonic decay rate, even though the
charged Ξb which is made of bds quarks does not have the corresponding
enhancement. We will thus assume in this analysis that all weakly decaying
b-baryons are Λb’s. Thus using the above estimate with fΛb = 10%, τ(B)
= 1.64 ps and τ(Λb) = 1.24 ps, we obtain the following value for inclusive
charmless semileptonic branching ratio of b hadrons:
Br(b→ Xulνl) = 1.16× 10−3 (3.27)
If the spectator effects are not included, then
Br(b→ Xulνl) = 1.13× 10−3 (3.28)
In the above estimate in Eqs. (3.25-3.28), we have employed |Vub| = 3.3 ×
10−3 and m = 4.5 GeV. Also, we have used the decay rate for B mesons as
estimated at O(1/m2) using the Eq. (3.23), Br(B → Xulνl) = 1.155×10−3 .
No spectator effect occurs in b → ulν transition in B mesons except the
negligible weak annihilation in B−. Also, the experimental selection criteria
used for the Xu system mostly reject such final states.
The corrections on |Vub| due to the enhancement of Λb → Xulνl is about
−1.3%, and with these corrections, the central values for |Vub| by ALEPH
and L3 become, as given by |Vub| = (Brexpt/Brtheory)1/2 0.0033, as
|Vub| =
{
4.03 × 10−3 (ALEPH)
5.57 × 10−3 (L3)
Finally, we observe that (1) the contribution of Λb definitely influences
the branching ratio due to a constructive Pauli interference and (2) such
spectator effects in Λb decay have to be taken into account for a precise
determination of |Vub| which relies on charmless semileptonic decays.
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Chapter 4
Short distance
nonperturbative corrections
In this Chapter, we discuss the power corrections to the parton decay rate,
due to renormalons, of the heavy hadron decays 1.
4.1 Renormalons
As early as 1952, Dyson [104] showed that the perturbative expansion in a
renormalisable theory like QED is not convergent. It is also true in QCD.
This issue poses an important conceptual problem of giving a meaning to
perturbation theory. Dyson’s arguement is the following. An observable in
QED, F (e2) is expressed in an expansion in e2 as
F (e2) = f1e
2 + f2e
4 + · · · (4.1)
If there is a radius of convergence around e2 = 0, then there will be a con-
vergent result also for −e2. The latter corresponds to an attractive force of
equal charges and a repulsive force of opposite charges. This would physi-
cally mean that the state corresponding to the equal charges has unbounded
negative energy. Thus the perturbative series cannot converge for negative
e2. Hence the radius of convergence is zero.
The divergent series can be dealt by the Borel summation technique
1 S. Arunagiri, On the short distance nonperturbative corrections in heavy quark ex-
pansion, hep-ph/0009109 [103].
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[105, 106]. A divergent perturbation series
f [a] =
∞∑
n=1
fna
n = f1a+ f2a
2 + · · · (4.2)
can be re-expressed by the Borel transform B[b].
B[b] =
∞∑
n=0
fn+1
bn
n!
≈ f1 + f2b+ f3 b
2
2
+ · · · (4.3)
The original series F [a] can be reproduced by
f [a] =
∫ ∞
0
db e−b/aB[b] (4.4)
This would give a meaning to the series f [a] by the fact that the integral
converges and B[b] has no singularities in the integration range.
To be more explicit, let us consider∫
d4x eiqx 〈0|T{jµ(x)jν(0)}|0〉 = (gµνq2 − qµqν)Π(q2) (4.5)
With s = q2, the Adler function is defined as
D(s) = −s d
ds
Π(s) (4.6)
For the case of QED or QCD, we consider
Dn(Q
2) =
∫
d4k F (k2, kq,Q2)
a
k2
(blob)n (4.7)
where we defined a = α(Q62)/π and (blob)n represents n loops in a gluons
line (Figure 4.1). Then the above equation would have the form
Dn(Q
2) =
∫
dk2 k2Φ
(
k2
Q2
)
q
k2
[
βa log
(
k2
Q2
)]n
(4.8)
where β is the first coefficient of the beta function. Finally, for momenta
above and below Q2, we have the expressions corresponding respectively to
the ultraviolet and infrared regions:
D(Q2)UV =
Q2
n+ 1
∫ ∞
0
db e−b/a
1
β bn+1
(4.9)
D(Q2)IR =
Q2
m− 1
∫ ∞
0
db e−b/a
1
β bm−1
(4.10)
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q qk
Figure 4.1: Renormalon graph (dotted lines are gluons).
where b = a log(Q2/k2)(h+ 1) with h = m,n.
In the infra red case, (4.9), the poles in the Borel plane correspond
to b = −(n + 1)/β on the negative axis. Hence the poles are not in the
integration range. Thus the poles are at b = −2/β,−3/β, · · ·. For the
ultraviolet case, (4.10), the poles are at b = +1/β,+2/β, · · ·. In this case,
b = (m − 1)a log(k2/Q2). Thus, in this case, poles are in the range of
integration and hence they are Borel summable.
In the case of QCD which is asymptotically free in the UV region, the
IR and UV renormalons defined above are interchanged. That is, the UV
poles are at b = −1/β,−2/β, · · · and the IR poles at b = +2/β,+3/β, · · ·.
Operator Product Expansion
The divergence of perturbation theory is deeply connected with the operator
product expansion (OPE). Consider the OPE
D(Q2) = [parton model](1 + a1α(Q
2) + a2α(Q
2)2 + · · ·) +
∑
n=4,6,...
Cn 〈On〉
(4.11)
where C stands for the coefficient functions, 〈On〉 the operators of dimen-
sion n. We cannot have a dimension two operators. So the term O(1/Q2) is
absent. The perturbative part of the OPE receives the renormalon correc-
tions [12]. It has been shown that the absence of the first power suppressed
term corresponds to the absence of singularity at b = +1/β in the Borel
plane. However, the renormalon corrections to the perturbative series have
one-to-one correspondence with the power suppressed terms.
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4.2 Power Corrections
The divergence of the perturbation theory at large order brings in an am-
biguity to physical quantities specified at short distances. According to the
present understanding, the ambiguity is given by a class of renormalon dia-
grams which are chain of n-loops in a gluon line. The phenomenon is deeply
connected with the operator product expansion (OPE). The perturbative
part of the OPE receives the renormalon corrections [12]. Since in the OPE
the first power-suppressed nonperturbative term is absent and the renor-
malon corrections constitute short distance nonperturbative effect, they are
more significant than large order corrections.
The phenomenology of the power corrections is significant for the heavy
quark expansion (HQE) to describe the inclusive decays of heavy hadrons
by an expansion in the inverse powers of the heavy quark mass, mQ. As
the inclusive decay rate of heavy hadrons scales like the fifth power of the
heavy quark mass, the power corrections arise due to momenta smaller
than the heavy quark mass. However, these IR renormalons would, be-
ing nonperturbative effect, have greater influence in the HQE prediction of
quantities of interest. These short distance nonperturbative effects can be
sought for explaining the smaller lifetime of Λb. We should note that these
power corrections to heavy quark decay rate represents the breakdown of
the quark-hadron duality. Therefore, it may shed light on the working of
the assumption of quark-hadron duality in the heavy quark expansion.
In this section, we study the renormalon corrections considering the
heavy-light correlator in the QCD sum rules approach, assuming that the
nonperturbative short distance corrections given by the gluon mass are much
larger than the QCD scale. We carry out the analysis for both heavy meson
and a heavy baryon. Our study shows that the short distance nonperturba-
tive corrections to the baryon and the meson differ by a small amount which
is significant for the smaller lifetime of the Λb.
Let us consider the correlator of hadronic currents J :
Π(Q2) = i
∫
d4xeiqx 〈0|T{J(x)J(0)}|0〉 (4.12)
where Q2 = −q2. The standard OPE is expressed as
Π(Q2) ≈ [ parton model](1 + a1α+ a2α2 + ....) +O(1/Q4) (4.13)
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where the power suppressed terms are quark and gluon operators. The
perturbative series in the above equation can be rewritten as
D(α) = 1 + a0α+
∞∑
n=1
anα
n (4.14)
where the term in the sum is considered to be the nonperturbative short
distance quantity. It is studied by Chetyrkin et al [107] assuming that
the short distance tachyonic gluon mass, λ2, imitates the nonperturbative
physics of the QCD. This, for the gluon propagator, means:
Dµν(k
2) =
δµν
k2
→ δµµ
(
1
k2
+
λ2
k4
)
(4.15)
The nonperturbative short distance corrections are argued to be the 1/Q2
correction in the OPE.
Let us consider the assumption of the gluon mass λ2 ≫ Λ2QCD which is
not necessarily to be tachyonic one. The feature of the assumption can be
seen with the heavy quark potential
V (r) = −4α(r)
3r
+ kr (4.16)
where k ≈ 0.2 GeV2, representing the string tension. It has been argued
in [108] that the linear term can be replaced by a term of order r2. It is
equivalent to replace k by a term describing the ultraviolet region. For the
potential in (4.16),
k → constant× αλ2 (4.17)
In replacing the coefficient of the term of O(r) by λ2, we make it consistent
by the renormalisation factor. Thus the coefficient σ(λ2) is given by [109]:
σ(λ2) = σ(k2)
(
α(λ2)
α(k2)
)18/11
(4.18)
Introduction of λ2 brings in a small correction to the Coulombic term. By
use of (4.18), we specify the effect at both the ultraviolet region and the
region characterised by the QCD scale. Then, we rewrite (4.14) as
D(α) = 1 + a0α
(
1 +
k2
τ2
)
(4.19)
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where τ is some scale relevant to the problem and k2 should be read from
(4.18). We would apply this to the heavy light correlator in heavy quark
effective theory.
We should note that in the QCD sum rules approach, the scale involved
in is given by the Borel variable which is about 0.5 GeV. But in the heavy
quark expansion the relevant scale is the heavy quark mass, greater than the
hadronic scale. Thus, there it turns out to be infrared renormalons effects.
But, still it represents the short distance nonperturbative property, by virtue
of the gluon mass being as high as the hadronic scale.
Meson: For the heavy light current, J(x) = Q¯(x)iγ5q(x), the QCD sum
rules is already known [110]:
f˜2Be
−(Λ¯) =
3
π2
∫ ωc
0
dωω2e−ω/τD(α)− 〈q¯q〉+ 1
16τ2
〈gq¯σGq〉 + ... (4.20)
where ωc is the duality interval, τ the Borel variable and D(α) as defined
in (4.14), but of the form defined in (4.19). It is, corresponding to the
particular problem of heavy quarks, given as:
D(α)B = 1 + aBα

1 + λ2
τ2
(
α(λ2)
α(τ2)
)−18/11 (4.21)
where aB = 17/3 + 4π
2/9− 4log(ω/µ), with µ is chosen to be 1.3 GeV.
With the duality interval of about 1.2-1.4 GeV which is little smaller
than the onset of QCD which corresponds to 2 GeV and Λ¯ ≥ 0.6 GeV, we
get
λ2 = 0.35 GeV2. (4.22)
Baryon: For the heavy baryon current
j(x) = ǫabc(q¯1(x)Cγ5tq2(x))Q(x) (4.23)
where C is charge conjugate matrix, t the antisymmetric flavour matrix and
a, b, c the colour indices, the QCD sum rules is given [112] by
1
2
f2Λbe
Λ¯/τ =
1
20π4
∫ ωc
0
dωω5e−w/τD(α)Λb+
6
π4
E4G
∫ ωc
0
dωe−ω/τ+
6
π4
E6Qe
−m2
0
/8τ2
(4.24)
where
D(α)Λb = 1−
α
4π
aΛb
(
1 +
λ2
τ2
)
(4.25)
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with aΛb = r1log(2ω/µ)− r2). With f2Λb = 0.2× 10−3 GeV6, 〈q¯q〉 = −0.243
GeV3, 〈gq¯σGq〉 = m20 〈q¯q〉,m20 = 0.8 GeV2, 〈αGG〉 = 0.04 GeV4 andD(α)Λb
is expressed in accordance with power correction factor found in [112]. As
in the meson case, we obtain
λ2 = 0.4 GeV2. (4.26)
Now we turn to the heavy quark expansion. The total decay rate of a weakly
decaying heavy hadron is, at the leading order, given by
Γ(Hb) = Γ0
[
1− α
π
(
2
3
g(x)− ξ
)]
(4.27)
where
Γ0 =
G2f |VKM |2m5b
192π3
f(x) (4.28)
As already mentioned, the power corrections are given by the IR renor-
malons:
DIR = a˜α

1 + λ2
m2b
(
α(λ2)
α(m2b )
)11/18 (4.29)
In (4.27), the factor ξ corresponds to the IR renormalons which corresponds
to the square root of the λ2 term in the above equation. These corrections
are estimated to be 0.1Γ0 and 0.11Γ0 for B and Λb respectively. This is
significant in view of the discrepancy between the lifetimes of B and Λb
being 0.2 ps−1 with Γ(B) = 0.68 ps−1 and Γ(Λb) = 0.85 ps
−1.
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Chapter 5
Quark-hadron duality
In this Chapter, we discuss qualitatively the isssue of the quark-hadron
duality, for breveity duality. It is based on the assumption of the convergence
of the heavy quark expansion (Chapter 3) and the corrections arising due
to renormalons contributions (Chapter 4).
Prologue
The issue of duality is as old as QCD itself. The idea of duality can be
formulated in many ways. The central idea stems from the fact that the
hadronic quantities are defined in the Minkowsky region, whereas in terms
of quarks and gluons they are specified in the Euclidean region. The two
regions are connected by analytical continuation which is done by hand.
However, the lore is that the hadronic observables can be calculated in terms
of partons at a particular kinematic region. In their classic paper, Poggio,
Quinn and Weinberg proposed a procedure, known as smearing, that the
calculation of physical quantities can be obtained in terms of partons by
averaging over a suitable energy range [65].
In the OPE procedure, as outlined in the previous Chapter, the hadronic
quantities are given by the leading parton quantity plus some local operators
representing nonperturbative aspects. For example, for the leptonic decay
constant of a meson, say B, we have
f2B ∼
∫ ω0
0
dω ρ(ω) + nonperturbative corrections (5.1)
where ρ(ω) represents spectral density of quark(s) and ω is the duality inter-
val. The determination of the duality interval depends on the contribution
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coming from the nonperturbative physics. On the other hand, the pertur-
bative corrections to the leading term is also important. However, for any
quark level quantity, the perturbative corrections are not known beyond the
first few orders.
The inclusive decays of the heavy hadrons are described by the OPE
based expansion of the hadronic matrix elements in the inverse powers of
the heavy quark mass. The idea of quark-hadron duality is the underlying
assumption. The discrepancy between theory and experiment for quantities
given in Table 1.4 casts doubt on the validity of the assumption of duality.
According to the HQE, the total decay rate of a heavy hadron scales like
the fifth power of the heavy quark mass concerned. As we have seen in the
previous Chapters, the corrections to the leading order (partonic) decay rate
arises due to bound state effects which start appearing at the second order
in 1/mQ. These corrections are of the order of about 10% of the free heavy
quark decay rate. It is significant for the HQE predictions.
In this context, [113] have shown that the violation of duality in HQE is
of exponential/oscillating in nature:
Π(Q2)violation = e
−CQ2/Λ2
QCD (5.2)
where C is constant and Q2 is the energy scale. However, this violating
effect is not quantified. They attribute this quantity for the discrepancy in
the inclusive properties shown in Table (1.4).
On the other hand, in [114], the weak decay of heavy hadrons is studied
in the ’t Hooft model. It has been found that the duality holds good with
the presence of terms of order 1/mQ. Such a term is absent in the HQE. We
should note that the first-power-suppressed term is absent in the OPE itself.
We should note that the ’t Hooft QCD is 1+1 dimensional where confinement
is bulit-in. But, in QCD, the phenomenon of confinement is not understood.
Therefore, we cannot expect every aspect of the two-dimensional QCD to
agree in toto with the QCD.
With these remarks, we discuss briefly below the qualitative aspects
derived from the study in Refs. [90, 103].
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Perturbative corrections at large order
The renormalon corrections evaluated in the previous Chapter for the B
meson and Λb baryons are obtained in terms of the gluon mass, λ
2 = 0.35
and 0.4 GeV2 respectively [103]. The assumption on λ2 is made to repre-
sent the short distance nonperturbative effect. They correspond to the IR
renormalons in the description of the inclusive decays:
∆Γ(HQ)IR ≈ a0αs ×
√√√√ λ2
m2Q
(
α(λ2)
α(m2Q)
)−9/11
(5.3)
Numerically, the IR renormalon corrections are found to be
∆Γ(B)IR ≈ 0.1Γ0 (5.4)
∆Γ(Λb)IR ≈ 0.11Γ0 (5.5)
where Γ0 b-quark decay rate at the tree level. Since the sign of these contri-
butions is fixed to be positive, the short distance nonperturbative corrections
yield a small but significant enhancement of the Λb decay rate.
These corrections have to be construed as duality violating effects. Quan-
titatively, the violations amount to be about 10%. In recent literature, these
duality violating effects are argued to be the 1/Q2 corrections. However, it
cannot have operators representations. In the case of HQE, if it is considered
to be 1/mQ corrections, we cannot have the corresponding operators.
Our conclusion is that these corrections are important in predicting the
inclusive properties in HQE.
HQE for beauty mass
In the Chapter 2, we have evaluated the EVFQO from the differences in
the inclusive decay rates [90]. Assuming the convergence of the heavy quark
expansion is valid one as long as there is an uncertainty of few percent.
This would also positively suggest that the quark-hadron duality violating
oscillating component might be small. So such violation would not deter a
decent determination of quantities of interest in the heavy quark expansion
like the lifetimes of beauty hadrons, the semileptonic branching ratio and the
charm counting. For the reasons mentioned in the beginning, the assumption
on convergence cannot be made for charmed case.
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There are renormalon contribution from the perturbative part of the ex-
pansion. They are IR renormalons of the order ΛQCD. We, as of now, don’t
have deep insight of it. They would be expected to differ for meson and
baryon. Because this contribution does not correspond to any local opera-
tors of the theory and independent of the heavy quark mass, a difference of
about 50 to 100 MeV between meson and baryon would imply much signifi-
cance for the quantities described by the heavy quark expansion. We cannot
on obvious terms argue that renormalons are related to the assumption of
quark-hadron duality. On the other hand, it will shed light on the quantities
concerned and the underlying assumption versus the heavy quark expansion.
Our studies show that the inclusive decays of heavy hadrons can be
studied within the framework of the HQE, notwithstanding the aspects like
exponential violation [115, 116] which have not been quantified.
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Chapter 6
Conclusion
In this Thesis, we have addressed two important issues, namely, the evalua-
tion of EVFQO and the quark-hadron duality in the heavy quark expansion.
Our work primarily shows that the existing discrepancy between theory and
experiment over the ratio of lifetimes of Λb baryon and B meson can be ex-
plained within the heavy quark expansion. The assumption of quark-hadron
duality is found to be reasonably working well in the beauty hadrons, since
the b quark is sufficiently heavy.
The results of our study concerning the EVFQO and the ratio of lifetimes
of Λb and B are given below:
• The ratio of EVFQO of λb andB should be greater than unity, contrary
to common expectations. Precisely, it should be in the range of three
to four. Our estimation in the potential model is supported by out
another evaluation using the difference in decay rates of SU(3) triplet
hadrons. The latter is r model independent result, which depends only
on the heavy quark expansion and the SU(3) flavour symmetry. Our
result for the ratio τ(Λb)/τ(B), from the potential model, is:
τ(Λb)/τ(B) ≈ 0.79 − 0.84 (6.1)
where the lower limit is fixed by the factorisable parts of the FQO and
the upper limit by the inclusion of non-factorisable parts. The same
quantity, in the model independent approach, is in the range of about
0.78 to 0.81.
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• The ratio |Ψ(0)|2Λb/|Ψ(0)|2B is about 3.8 from the potential model es-
timation, and about 3.5 from the model independent approach. The
latter value and the corresponding prediction would change, if the var-
ious structures of FQO are included. In both cases, we have estimated
the V − A structure only. For the purpose calculating the ratio of
lifetimes, what we have done is sufficient. To calculate the absolute
lifetime, one has to take into account all the possible structures of
currents.
• The corrections due to renormalons causes an increase in the decay
rate of Λb. This should also have to be taken into account in the
calculation of the inclusive properties of the heavy hadrons.
Our potential model, approach has an apparent draw back that the potential
has a term of r2 term for baryon. In fact, the potential that generates
the heavy hadron mass spectrum is different. However, this potential too
satisfies the Schro¨dinger equation. We have used the same wave function
for meson and baryon. For the latter case, it is an approximation.
Recently, in [92], an exploratory study of the evaluation of the EVFQO
of Λb showed that the decay rate of the baryon can be significantly enhanced
due to the third order term in the heavy quark expansion. On the other
hand, in the QCD sum rules approach, the estimated EVFQO yields the
ratio of lifetimes of λb and B to be 0.79.
For the first time, we have studied the inclusive charmless semileptonic
decay of Λb. It is significant, in view of the experimental estimate of the
inclusive charmless semileptonic branching ratio of beauty hadrons. This
quantity is useful for a clean extraction the CKM matrix element, |Vub|. We
have observed that in measuring Br(b → Xulν), one should have to take
the spectators contribution in the baryon. Our prediction of branching ratio
including spectator effects is:
Br(b→ Xulν) = 1.16 × 10−3 (6.2)
This result is significant in view of the recent measurement of these quanti-
ties at LEP by ALEPH, L3 and DELPHI collaborations.
Our observations on the issue of quark-hadron duality in the heavy quark
expansion are the following:
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• For the b-quark mass being asymptotically heavy enough, the inclusive
decay rate of beauty hadrons apparently converges at the third order
in 1/mb. But, it is not so in the case of the charm sector. As the results
show, the EVFQO obtained for the B meson and Λb baryon yields the
ratio of their lifetimes closer to the experimental value. There is no
reason to expect contribution to come from beyond the O(1/m3b).
• The implication of the assumption of the convergence of the HQE is
that quark-hadron duality works well. On the other hand, the expo-
nential/oscillating violation of duality cannot be expected to be more
than a few percent.
• Our study of the renormalons contribution to the perturbative decay
rate is important. If it is a duality breaking correction, as we esti-
mated, it is about 20% of the free heavy quark decay rate. It may be
taken as the 1/mb correction, but we don’t have an operator of appro-
priate dimension. This means that we rule out the possibility of the
absence of the 1/mQ term being responsible for the duality violation.
Thus our conclusion is that the quark-hadron duality holds good in the
HQE. The violation of few percent is within the control.
In view of the important task of predicting the elements of the CKM
matrix, the clear idea of inclusive decays of heavy hadrons would be useful
to reduce the error. Our studies are simple demonstration concerning the
two aspects of the heavy quark expansion, namely, the systematic accom-
modation of the spectator effects and the knowledge of the extent to which
the notion of duality is reliable.
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